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Abstract 

In 1994 Li et al. [3] extended the concept of the index of convergence from 
nonnegative matrices to powerful sign pattern matrices. In 2006, Liu and You 
extended the concept of the base from sign pattern matrices to non-powerful 
(and generalized) sign pattern matrices. In this paper, we study some primitive 
non-powerful zero-symmetric sign pattern matrix A, whose associated graph 
( )AD  is )-;,;,; 212211 21 lkkvvv kk lollipop or ( ;,;;,;, 1221111 21 mmkmkk vvvvvv L  

)-;,,, 21 lkkk mL lollipop. The bounds on the base of primitive non-powerful 

zero-symmetric sign pattern matrix A are obtained. 
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1. Introduction 

A sign pattern matrix (simple sign pattern or pattern) is the matrix, 
whose entries come from the set { }.0,, −+  The set of all nn ×  sign 

pattern is denoted by .nQ  Let ( ) ,nij QaA ∈=  the qualitative class of A 

is defined by 

( ) { ( ) ( ) }.sgn ABRMBAQ n =∈=  

For a square sign pattern matrix A, notice that in the computations of 

(the signs of) the entries of the powers ,kA  an “ambiguous sign”, written 
as ,#  may arise when we add a positive sign to a negative sign. For 

convenience, we call the set { }#,0,, −+=Γ  generalized sign set and 

define addition and multiplication involving the symbol #  as follows 

(addition and multiplication which do not involve #  are obvious): 

( ) ( ) ( ) ( ) ( ),allfor, Γ∈=+α=−++=++− aa ##+=##  

( { }).0\allfor,0 Γ∈=⋅⋅⋅⋅ bbb ##=#0=0#=#  

Matrices whose entries come from the set Γ  are called generalized sign 
pattern matrices. Addition and multiplication of generalized sign pattern 
matrices are defined in the usual way, so that the sum and product 
(including powers) of generalized sign pattern matrices are still 
generalized sign pattern matrices. In this paper, we assume that all the 
matrix operations are operations of the matrices over the set .Γ  

Let ( )ijaA =  be a square generalized sign pattern matrix of order n. 

The associated generalized digraph ( )AD  of A (possibly with loops) is 
defined to be the digraph with vertex set { }nvvvV ,,, 21 L=  and arc set 

{( ) }.0, ≠= ijji avvE  The associated generalized signed digraph ( )AS  

of A is obtained from ( )AD  by assigning the sign of ija  to each arc ( )ji,  

in ( ).AD  

Let S be a signed digraph of order n. Then there is a sign pattern 
matrix A of order n, whose signed associated digraph ( )AS  is S. 
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Thus there is a corresponding relation between a signed digraph of 
order n and a sign pattern matrix A of order n. 

The graph-theoretical methods are often useful in the study of the 
powers of matrices, so we now introduce some graph-theoretical concepts. 

A walk W in a digraph is a sequence of arcs: keee ,,, 21 L  such that 

the terminal vertex of ie  is the same as the initial vertex of 1+ie  for 
.1,,2,1 −= ki L  The number k of edges is called the length of the walk 

W, denoted by ( ).Wl  The sign of the walk W (in a signed digraph), 

denoted by sgnW, is defined to be ( ).sgn1 i
k
i e∏ =

 Two walks 1W  and 2W  

in a signed digraph is called a pair of SSSD walks, if they have the same 
initial vertex, same terminal vertex and same length, but they have 
different signs. 

A square generalized sign pattern matrix A is called powerful, if each 
power of A contains no #  entry. It is easy to see from the above relation 
between sign matrices and signed digraphs that a sign pattern A is   
powerful, if and only if the associated signed digraph ( )AS  contains no 
pairs of SSSD walks. 

Let A be a square generalized sign pattern matrix of order n and 

L,,, 32 AAA  be the sequence of powers of A. (Since there are only 
2

4n  
different generalized sign patterns of order n, there must be repetitions 
in the sequence.) Suppose lA  is the first power, that is repeated in the 
sequence. Namely, suppose l is the least positive integer such that there 
is a positive integer p such that 

,pll AA +=  (1.1) 

then l is called the generalized base (or simply base) of A, and is denoted 
by ( ).Al  The least positive integer p such that (1.1) holds for ( )All =  is 
called the generalized period (or simply period) of A, and is denoted by 
( ).Ap  

We say that S is powerful, if A is powerful, (i.e., S contains no pairs of 
SSSD walks). Also, we define ( ) ( )AlSl =  and ( ) ( ).ApSp =  
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As we know, a square matrix A of order n is reducible, if there exists 
a permutation matrix P of order n such that 

,
0






=

CD
B

PAPT  

where B and C are square non-vacuous matrices. The matrix A is 
irreducible, if it is not reducible. 

For a generalized sign pattern matrix A, we use A  to denote the 

( )-,0 + matrix obtained from A by replacing each nonzero entry by .+  

Clearly, A  completely determines the zero pattern of A. We have =AB  

BA  for generalized sign pattern matrices A and B. In particular, we 

have 

.kk AA =  

A nonnegative square matrix B is primitive, if there exists a positive 

integer l such that 0>kB ( kA  is entrywise positive). The least such k is 
called the primitive exponent of B, denoted by ( ).exp B  A square 

generalized sign pattern matrix A is called primitive, if A  is primitive, 

and in this case, we define ( ) ( ).expexp AA =  A digraph D is called a 

primitive digraph, if there is a positive integer k such that for each vertex 
x and vertex y (not necessarily distinct) in D, there exists a walk of length 
k from x to y. The least such k is called the primitive exponent of D, 
denoted by ( ).exp D  As we know, a digraph D is primitive, if and only if D 

is strongly connected (or simply strong) and the greatest common divisor 
(or simply g.c.d.) of the lengths of all the cycles of D is 1. 

It is well known that a square matrix A is irreducible, if and only if 
( )AD  is strong, and A is primitive, if and only if ( )AD  is primitive, and 

in this case, we have ( ) ( )( ).expexp ADA =  

Also, a number of upper bounds for ( )Dexp  can be established by 

using the Frobenius numbers defined as below. 
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Let kaa ,,1 L  be positive integers. Define the Frobenius set ( ,1aS  
)ka,L  as: 

( ) { }.integersenonnegativare,,,, 1111 kkkk rrararaa LLL ++=  

It is well known that if ( ) ,1,,... 1 =kaadcg L  then ( )kaaS ,,1 L  
contains all the sufficiently large positive integers. In this case, we define 
the Frobenius number ( )kaa ,,1 Lφ  to be the least integer φ  such that 

( )kaaSm ,,1 L∈  for all integers .φ≥m  

Clearly, ( ) 1,,1 −φ kaa L  is not in ( ).,,1 kaaS L  It is also well 

known that if ( ) ,1,... =badcg  then ( ) ( ) ( ).11, −−=φ baba  

A square generalized sign pattern matrix A is called Zero-pattern-
symmetric (abbreviated zero-symmetric or simply ZS), if A  is symmetric. 

If matrix A is zero-symmetric, then ( )AD  can be regarded as an 
undirected graph (possibly with loops). In this paper, we use an 
undirected graph (possibly with loops) as the associated digraph of a 
generalized zero-symmetric sign pattern matrix. We actually have both 
directions on each edge of the graph. 

The graphs which we consider in this paper are undirected graphs. 
We actually have both directions on each edge of the graph. A path is a 
non-empty graph ( )EVP ,=  with vertex set kvvv ,,, 21 L  and edge set 

{ }.,,, 13221 kk vvvvvvE −= L  The number of edges of P is its length. P is 

also denoted by .21 kvvv L  

For an undirected walk W of graph G and two vertices yx,  on W, let 

( )yxQW →  be the shortest path from x to y on W. Let ( )yxQ →  be the 

shortest path from x to y on G. For a cycle C, if x and y are two (not 
necessarily distinct) vertices on C and P is a path from x to y along C, 
then PC \  denotes the path or cycle from x to y along C obtained by 
deleting the edges of P. 

Let iikiii vvvP L21=  be a path of length ( ),,,2,11 miki L=−  and 

let C be a cycle of length l, where ( ) ( )miCVv iik ,,2,1 L=∈  and =11kv  
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.22 vvv mmkk === L  Thus graph L′  is obtained by the paths iP  and 

the cycle C; see Figure 1. iP  and C are denoted by ( )LC ′  and ( ),LPi ′  

respectively. The connected graph L′  is called a ( ;;,;, 21 221111 Lkk vvvv  

)-;,,,;, 211 lkkkvv mmkm m L lollipop. 

 

Figure1. Graph ,L′  where .21 21 vvvv mmkkk ==== L  

Let iikiii vvvP L21=  be a path of length ,1−ik  where 2,1=i  and 

let C be a cycle of length l, where ( )., 1 CVuvk ∈  Thus graph L is 

obtained by the paths ( )2,1=iPi  and the cycle C; see Figure 2. iP  and C 

are denoted by ( )LPi  and ( ),LC  respectively. The connected graph L is 

called a ( )-;,;,;, 21221111 21 lkkvvvv kk lollipop. 

 

Figure 2. Graph L. 

Obviously, Graph L. where 21 21 kk vv =  is a special case of Graph L′ . 

where .2=m  
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In this paper, we study some primitive non-powerful zero-symmetric 
sign pattern matrix A. whose associated graph ( )AD  is ( ,;, 21111 1 vvv k  

)-;,; 212 2 lkkv k lollipop or ( ,,,;,;;,;, 211221111 21 LL kkvvvvvv mmkmkk  

)-; lkm lollipop. In Section 3, we consider the bounds on the base of ( ,11v  
)-;,,,;,;;,; 2112211 21 lkkkvvvvv mmkmkk m LL lollipop, then in Section 4, 

we consider the bounds on the base of ( )-;,;,;, 21221111 21 lkkvvvv kk  

lollipop, where .21 21 kk vv ≠  We obtain the bounds on the bases of 

primitive non-powerful zero-symmetric sign pattern matrix A. 

2. Some Preliminaries 

Theorem 2.1 [7]. Let S be a primitive, non-powerful signed digraph. 
Then we have 

(1) There is an integer k such that there exists a pair of SSSD walks of 
length k from each vertex x to each vertex y in S. 

(2) If there exists a pair of SSSD walks of length k from each vertex x 
to each vertex y, then there also exists a pair of SSSD walks of length 

1+k  from each vertex u to each vertex v in S. 

(3) The minimal such k (as in (1)) is just ( )-Sl the base of S. 

A matrix with all entries equal to 1 is denoted by J. A matrix with all 
entries equal to #  is denoted by .J#  Let A be a primitive generalized 
sign pattern matrix. Then 

( ) { }.min JorJAkAl k #==  (2.1) 

Theorem 2.2 [7]. If S is a primitive signed digraph, then S is non-
powerful if and only if S contains a pair of cycles 1C  and 2C  (say, with 

lengths 1p  and ,2p  respectively) satisfying one of the following two 

conditions: 

(A) 1p  is odd and 2p  is even and ;sgn 2 −=C  

(B) Both 1p  and 2p  are odd and .sgnsgn 21 CC −=  
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A pair of cycles 1C  and 2C  satisfying (A) or (B) is a “distinguished 

cycle pair”. It is easy to see that if 1C  and 2C  is a distinguished cycle pair 

with length 1p  and ,2p  respectively, then the closed walks =1W  12Cp  

(walk around 21pC  times) and 212 CpW =  have the same length 21pp  

and the different signs: 

( ) ( ) .sgnsgn 12 21
pp CC −=  (2.2) 

For a primitive generalized sign pattern matrix A, the local base of A 

from i to j, denoted by ( ),, jilA  is the least integer k such that ( )ij
pA  

( )ij
kA=  for all .kp ≥  (Such that an integer k must exist by (2.1)). From 

this definition we have 

( )
( )( )

( ).,max
,

jilAl AADVji ∈
=  (2.3) 

Theorem 2.3 [2]. For a primitive non-powerful sign pattern matrix A, 
suppose { }rllR ,,1 L=  is a set of cycle lengths in ( )AD  with the property 

that ( ) 1,,... 1 =rlldcg L  and CC ′′′,  are two cycles in ( )AS  with the 

property that ( ) ( ) ,sgnsgn 12 pp CC ′′−=′  where 21, pp  are the lengths of 

,, CC ′′′  respectively. Let p be the least common multiple of 1p  and ,2p  

i.e., ( ),,... 21 ppmclp =  and ( ).,,1 rR ll Lφ=φ  Then 

(1) ( ) ( ) .,, ,, RCCRA pjidjil φ++≤ ′′′  

(2) ( ) ( )( ) ( ) .,max ,,, RCCRADVji pjidAl φ++≤ ′′′∈  

Theorem 2.4 [2]. Suppose A is a non-powerful sign pattern matrix of 
order n and ( )AD  is a ( ;2,,2,;,;;,;, 11221111 21 LL kvvvvvv mmkmkk  

)-1 lollipop, where 11 −+= mkn  and ,11 >k  then ( ) .2 1kAl =  

Theorem 2.5 [2]. Suppose A is a non-powerful sign pattern matrix of 
order n and ( )AD  is a ( )-1;1,,1,;,;;,;, 11221111 21 LL kvvvvvv mmkmkk  

lollipop, where ,11 >= kn  then ( ) .2nAl =  
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Theorem 2.6 [2]. Suppose A is a sign pattern matrix of order n and 
( )AD  is a ( )-;,,,;,;;,;, 11221111 21 lttkvvvvvv mmkmkk LL lollipop, 

where llmlkn ,1,21 >−++=  is odd and { }.2,1∈t  If there exist no 

positive 2-cycles in ( ),AS  then 

(1) ( ) ;2322 11 ≥−+= kifklAl  

(2) ( ) ;1112 1 >=+= mandkiflAl  

(3) ( ) .1112 1 ==−= mandkiflAl  

3. Bounds on the Base of ( ,;;,;, 1221111 21 mkk vvvvv L  

)-l;,,,; 21 mmk kkkv m L lollipop 

Theorem 3.1. Suppose A is a non-powerful sign pattern of order n 
and ( )AD  is a ( )-1;,,,;,;;,;, 211221111 21 mmkmkk kkkvvvvvv m LL  

lollipop, where ( ),1
1

−−= ∑
=

mkn i
m

i
 and .1max

1
>

≤≤ imi
k  Then 

( ) .max2
1 imi

kAl
≤≤

=  

Proof. It is clear that A is primitive. Let .max
1 imi

kK
≤≤

=  

Suppose ( ) .hAl =  Then there exists a pair of SSSD walks from 1iv  

to 1iv  of length p for each integer .hp ≥  Note that there is only one walk 

from 1iv  to 1iv  of length ,12 −ik  so .121max2
1

−=−>
≤≤

Kkh imi
 Then we 

only need to prove that ( ) .2max2
1

KkAl imi
=≤

≤≤
 

Since A is a non-powerful sign pattern matrix, there exists a pair of 

cycles CC ′′′,  satisfying that ( ) ( ) 12 sgnsgn pp CC ′′−=′  by (2.2), where 

21, pp  are the lengths of C′  and ,C ′′  respectively. Since ( )AD  only has 
cycles with lengths of 1 and 2, it follows that ( ) .2,... 21 =ppmcl  Suppose 
x and y are any two (not necessarily distinct) vertices in ( ).AS   
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If { },,,,, 21 iikii vvvyx L∈  then set  

( ) ( ) ( ) ( ( ) ( ( )

( ) ( ) ( )





→+→+→

→≤→→+→+→
=

otherwise,

,if

11

1111

yvQvvQvxQ

vyQlvxQlyvQvvQvxQ
W

iiikik

iiikikii

ii

ii  

and then ( ) ( ) .2212 −≤−≤ KkWl i  Otherwise let { }iikii vvvx ,,, 21 K∈  

and { }jjkjj vvvy ,,, 21 K∈  where ,ji ≠  then set  ( )iikvxQW →=  

( ),yvQ jjk →+  and thus ( ) ( ) ( ) .2211 −≤−+−≤ KkkWl ji  

Take cycle-length set { }.2,1=R  Since in ( )AD  any cycle must meet 
at least one vertex of ( ),,,,2,1,,, 32 mivvv iikii LL =  W must meet ,C′  

.C ′′  Thus ( ) ( ) .22,,, −≤≤′′′ KWlyxd CCR  Then ( ) ++−≤ 222, KyxlA  

imiR kK
≤≤

==φ
1
max22  by Theorem 2.3. Therefore, ( ) imi

kAl
≤≤

≤
1
max2  by 

(2.3). So 

( ) .max2
1 imi

kAl
≤≤

=  � 

Corollary 3.1. Suppose A is a non-powerful sign pattern of order n 
and ( )AD  is a ( )-1;,;,;, 21221111 21 kkvvvv kk lollipop, where 21 kkn +=  

,1−  and { .1,max 21 >kk  Then 

( ) { }.,max2 21 kkAl =  

Theorem 3.2. Suppose A is a sign pattern matrix of order n and 
( )AD  is a ( )-;,,,;,;;,;, 211221111 21 lkkkvvvvvv mmkmkk m LL lollipop, 

where ( ) 1,1
1

>−−= ∑
=

lmkn i
m

i
 and l is odd. If there exist no positive 2-

cycles in ( ),AS  then 

(1) ( ) { };2,12322 3211 ∈====≥−+= tkkkandkifklAl mL  

(2) ( ) ;1,2,112 21 ≥====+= mwherekkkiflAl mL  

(3) ( ) ;,,2,1,112 miwherekiflAl i L==−=  

(4) ( ) .2,,,,3max22 211
≥−+=

≤≤ mimi
kkkifklAl L  
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Proof. The results of (1)-(3) are obtained by Theorem 2.6. Therefore, 
we mainly prove (4). 

Note that ( )AD  is strongly connected and contains cycles of lengths 2 
and l, where l is odd. Then A is primitive. Since there exist no positive 2-
cycles in ( ) ( )AAS ,  of Theorem 2.2 holds. So, A is non-powerful. 

Consider ( )( ),ADC  the cycle of the ( ,;;,;, 1221111 21 mkk vvvvv L  

)-;,,,; 21 lkkkv mmkm L lollipop. Let ( )( ) ,121 vvvvADCC l ′′′′== L  where 

lvvv ′′′ L21  are vertices of ( )( ).ADC  Consider the directed cycles 1vC ′=′  

12 vvv l ′′′ L  and .1211 vvvvvC ll ′′′′′=′′ − L  Note that there exist no positive 2-

cycles in ( )AS  and l is odd, so .sgnsgn CC ′′−=′  

Let .max
1 imi

kK
≤≤

=  

Let x and y be any two (not necessarily distinct) vertices in ( ).AD  We 
discuss the following three cases. 

Case 1. ( )., CVyx ∈  

If ( ( ))yxQl C →  is even, then set ( ),yxQW C →=  otherwise set 
( ).\ yxQCW C →=  Then ( )Wl  is even and ( ) .321 −+=−≤ lKlWl  

Set CWW ′+=1  and .2 CWW ′′+=  Thus the pair 21, WW  is a pair of 

SSSD walks from vertex x to y. Obviously ( ) ( ),2,1=iWl i  is odd and 

( ) ,322 −+≤ lKWl i  where .2,1=i  Hence, there exists a pair of SSSD 

walks from x to y length .322 −+ lK  

Case 2. ( )., CVyx ∉  

If { },,,,, 121 −∈ iikii vvvyx L  where { },,,,2,1 mi L∈  then set 

( ) ( ) ( ( )) ( ( ))

( ) ( )





→+→

→+→+→+→
=

,otherwise

,oddisif

yvQvxQ

yvQlvxQlCyvQvxQ
W

ii

iiii

ikik

ikikikik
 

and then ( )Wl  is even and ( ) ( ) .32112 −+≤−+−≤ lKlkWl i  Set =1W  

CW ′+  and .2 CWW ′′+=  Thus the pair 21, WW  is a pair of SSSD walks 
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from vertex x to y. Obviously ( ) ( )2,1=iWl i  is odd and ( ) lKWl i 22 +≤  

,3−  where .2,1=i  Hence, there exists a pair of SSSD walks from x to y 

length .322 −+ lK  

Otherwise, let { }121 ,,, −∈ iikii vvvx L  and { },,,, 121 −∈ jjkjj vvvy L  

where ,ji ≠  and set 

( ) ( ) ( ( )) ( ( ))

( ) ( )







→+→

→+→+→+→

=
,otherwise

odd,isif

yvQvxQ

yvQlvxQlCyvQvxQ
W

ji

jiji

jkik

jkikjkik
 

and then ( )Wl  is even and ( ) ( ) ( ) .32111 −+≤−+−+−≤ lKlkkWl ji  

Set CWW ′+=1  and .2 CWW ′′+=  Thus the pair 21, WW  is a pair of 

SSSD walks from vertex x to y. Obviously ( ) ( )2,1=iWl i  is odd and 

( ) 322 −+≤ lKWl i  where .2,1=i  Hence there exists a pair of SSSD 

walks from x to y length .322 −+ lK  

Case 3. Only one vertex of yx,  belongs to ( ).CV  

Without loss of generality, we may assume ( )CVx ∈  and { ,1jvy ∈  

}.,, 12 −jjkj vv L  Set 

( ) ( ) ( ( )) ( ( ))

( ) ( )







→+→

→+→→+→

=
,otherwise\

,evenisif

yvQvxQC

yvQlvxQlyvQvxQ
W

jj

jjjj

jkjkC

jkjkCjkjkC
 

and then ( )Wl  is even and ( ) ( ) 3211 −+≤−+−≤ lKlkWl j  by the fact 

2≥jk  for { }.,,2,1 mj L∈  Set CWW ′+=1  and .2 CWW ′′+=  Thus 

the pair 21, WW  is a pair of SSSD walks from vertex x to y. Obviously 
( ) ( )2,1=iWl i  is odd and ( ) ,322 −+≤ lKWl i  where .2,1=i  Hence, 

there exists a pair of SSSD walks from x to y length .322 −+ lK   

Therefore 

( ) .32max2322
1

−+≤−+≤
≤≤

lklKAl imi
 (3.1) 

Suppose the integer t satisfying .max
1 imit kk

≤≤
=  
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We show that there is no pair of SSSD walks of length tklr 22 +=  

4−  from vertex 1tv  to .1tv  Suppose the pair 21, WW  is a pair of SSSD 

walks of length r from 1tv  to .1tv  Since iW  is the “union” of 2C  and lC  (a 

cycle of length l), 0,0,2 ≥≥+= iiliii baCbCaW  and ib  is even 

( ).2,1=i   

If ,021 == bb  then .21 aa =  Since there exist no positive 2-cycles in 

( ) ( ) ( ) ( ) .sgnsgn, 1
21

aWWAS −==  It contradicts that 1W  and 2W  have 

different signs. Therefore 021 == bb  does not hold. We may assume 

.01 >b  Note that 1b  is even, so .21 ≥b  

Since 11 ,2 wb ≥  contains .ttkv  Note that 1W  is a walk from 1tv  to 

,1tv  so 1W  contains .,,, 21 ttktt vvv L  Then ( ) ( ) −≥+−≥ tklbkWl 212 11  

,22 l+  which contradicts ( ) .4221 −+= tklWl  Hence, there exists no 

pair of SSSD walks of length 422 −+= tklr  from vertex 1tv  to .1tv  

Therefore 

( ) .32max2322
1

−+=−+≥
≤≤

lkklAl imit  (3.2) 

Combining (3.1) and (3.2), we have 

( ) .32max2
1

−+=
≤≤

lkAl imi
  

Theorem 3.3. Suppose A is a non-powerful sign pattern matrix of 
order n and ( )AD  is a ( ;,,,;,;;,;, 211221111 21 mmkmkk kkkvvvvvv m LL  

)-l lollipop, where ( ) 1,1
1

>+−−= ∑
=

llmkn i
m

i
 and l is odd. If there exist 

one vertex ( )CVw ∈  in ( )AS  such that w is contained in a positive 2-cycle 

C′  and a negative 2-cycle ,C ′′  then ( ) .1max2
1

−+≤
≤≤

lkAl imi
 

Proof. Note that ( )AD  is strongly connected and contains cycles of 
lengths 2 and l, where l is odd. Then A is primitive. Let x and y be any 
two (not necessarily distinct) vertices in ( ).AS  
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If ( ),, CVyx ∈  then set ( ) ( )ywQwxQW CC →+→=  and ( ) ≤Wl  
,1−l  otherwise set ( ) ( ) ( )ywQwvQvxQW C →+→+→= 2  and ( )Wl  

( ) ( ) .3max21max21
11

−+=−+−≤
≤≤≤≤

lkkl imiimi
 

Set CWW ′+=1  and .2 CWW ′′+=  Thus the pair 21, WW  is a pair 
of SSSD walks from vertex x to y. Obviously ( ) ,1max2

1
−+≤

≤≤
lkWl imii  

where .2,1=i  Hence, there exists a pair of SSSD walks from x to y 
length .1max2

1
−+

≤≤
lkimi

 Therefore 

( ) .1max2
1

−+≤
≤≤

lkAl imi
  

Theorem 3.4. Suppose A is a non-powerful sign pattern matrix of 
order n and ( )AD  is a ( ;,,,;,;;,;, 211221111 21 mmkmkk kkkvvvvvv m LL  

)-l lollipop, where ( ) 1,1
1

>+−−= ∑
=

llmkn i
m

i
 and l is odd. If there exist 

one vertex { }121 ,,, −∈ hhkhh vvvw L  for some { }mh ,,2,1 L∈  in ( )AS  

such that w is contained in a positive 2-cycle C′  and a negative 2-cycle 
,C ′′  then 

( ) .42max
,1

−++≤
≠≤≤

lkkAl hihimi
 

Proof. Note that ( )AD  is strongly connected and contains cycles of 
length 2 and l, where l is odd. Then A is primitive. Let x and y be any two 
(not necessarily distinct) vertices in ( ).AS  

Let 

.max
,1 ihimi

kT
≠≤≤

=  

If ( ),, CVyx ∈  then set ( ) ( ) ( ),2 yvQwvQvxQW CC →+→+→=  thus 
( ) ( ) .6252221 −++≤−+=−+−≤ lkTlkklWl hhh  Otherwise, we 

consider the following cases. 

Case 1. ( )., CVyx ∈/  

Subcase 1.1. { }.,,,, 121 −∈ iikii vvvyx L  
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If ,hi =  then set ( ) ( )ywQwxQW →+→=  and ( ) ( ) =−≤ 22 hkWl  

.6242 −++≤− lkTk hh  Otherwise set ( ) ( ) +→+→= wvQvxQW 2  
( )yvQ →  and ( ) ( ) ( ) ++≤−+=−+−≤ hhihi kTkkkkWl 26222212  

.6−l  

Subcase 1.2. One vertex of x and y is in { }.,,, 121 −hhkhh vvv L  

If { },,,, 121 −∈ hhkhh vvvy L  then set ( ) ( ) +→+→= wvQvxQW  

( )ywQ →  and ( ) ++≤−+=−+−+−≤ hhhh kTkTkkTWl 252221  

.6−l  Otherwise set ( ) ( ) ( )yvQvwQwxQW →+→+→=  and ( ) ≤Wl  

.6252221 −++≤−+=−+−+− lkTkTkkT hhhh  

Case 2. Only one vertex of x and y is in ( ).CV  

If ( ),CVx ∈  then set 

( ) ( ) ( ) { }

( ) ( ) ( )





→+→+→

∈→+→+→
=

−

otherwise,2

,,,,if 121

yvQwvQvxQ

vvvyywQwvQvxQ
W

C

hkhhC hL

 

and 

( )
{ }

( )







−++≤−+−+

∈−+≤+−=−+−+
≤

−

−
−−

otherwise,62122

,,,,if524222

2
1

1212
1

2
1

lTkTk

vvvylkkkk
Wl

hh
l

hkhhh
l

hhh
l

hL

 

.62 −++≤ lTkh  

Otherwise set 

( ) ( ) ( ) { }

( ) ( ) ( )





→+→+→

∈→+→+→
=

−

otherwise,2

,,,,if 121

yvQwvQvxQ

vvvxyvQvwQwxQ
W

C

hkhhC hL

 

and 

( )
{ }

( )







−++≤−+−+

∈−+≤+−=−+−+
≤

−

−
−−

otherwise,62122

,,,,if524222

2
1

1212
1

2
1

lTkTk

vvvxlkkkk
Wl

hh
l

hkhhh
l

hhh
l

hL
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.6262 −++≤−++≤ lkTlTk hh  

Set CWW ′+=1  and .2 CWW ′′+=  Thus the pair 21, WW  is a pair of 

SSSD walks from vertex x to y. Obviously ( ) ,62 −++≤≤ lkTWl hi  

where .2,1=i  Hence, there exists a pair of SSSD walks from x to y 

length .62 −++≤ lkT h  Therefore 

( ) .4max262
1

−++=−++≤
≤≤

lkklkTAl imihh   

4. Bounds on the Base of ( )-;,;,;, lkkvvvv kk 21221111 21 lollipop, 

where 21 21 kk vv ≠  

Theorem 4.1. Suppose A is a sign pattern matrix of order n and 
( )AD  is a ( )-;,;,;, 21221111 21 lkkvvvv kk lollipop, where −++= 21 klkn  

( )2,12,2 =≥ iki  and l is odd. If there exist no positive 2-cycles in ( ),AS  

then ( ) { } .2
53,max2 21

−+≤ lkkAl  

Proof. Note that ( )AD  is strongly connected and contains cycles of 
lengths 2 and l, where l is odd. Then A is primitive. Since there exist no 
positive 2-cycles in ( ) ( )AAS ,  of Theorem 2.2 holds. So A is non-powerful. 

Clearly .3≥l  

Let x and y be any two (not necessarily distinct) vertices in ( ).AS  

If ( ),, CVyx ∈  then set ( )yxQW C →=  and thus ( ) 22
1 ≤−≤ lWl  

{ } .2
5,max 21

−+ lkk  Otherwise, we consider the following cases. 

Case 1. ( )., CVyx ∈/  

If { }121 ,,,, −∈ iikii vvvyx L  for ,2,1=i  then set 

( ) ( ) ( ) ( ( )) ( ( ))

( ) ( ) ( )





→+→+→

→≤→→+→+→
=

otherwise,

,if

11

1111

yvQvvQvxQ

vyQlvxQlyvQvvQvxQ
W

iiikik

iiikikii

ii

ii
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and thus ( ) ( ) { } .2
5,max212 21

−+≤−≤ lkkkWl i  

Otherwise only one vertex of yx,  is in { },,,, 111211 1−kvvv L  and set 

( ) ( ) ( ) { }

( ) ( ) ( )





→+→+→

∈→+→+→
=

−

otherwise,

,,,,if

1122

12211

1122

1112112211

yvQvvQvxQ

vvvxyvQvvQvxQ
W

kkkCk

kkkkCk L

 

and thus ( ) { } .2
5,max2112

1
2121

−+≤−+−+−≤ lkkkklWl  

Case 2. Only one vertex yx,  is in ( ).CV  

Set 

( ) ( ) { }

( ) ( ) { }





=∈→+→

=∈→+→
=

−

−

,2,1for,,,if

,2,1for,,,if

121

121

ivvvxyvQvxQ

ivvvxyvQvxQ
W

iii

iii

ikiiikikC

ikiiikCik

L

L

 

and thus ( ) { } .2
5,max212

1
211

−+≤−+−≤ lkkklWl  

Consider ( )( ),ADC  the cycle of the ( )-;,;,;, 21221111 21 lkkvvvv kk  

lollipop. Let ( )( ) ,121 vvvvADCC l ′′′′== L  where lvvv ′′′ L21  are vertices of 

( )( ).ADC  Consider the directed cycles 121 vvvvC l ′′′′=′ L  and 11 −′′′=′′ llvvvC  

.12vv ′′L  Note that there exist no positive 2-cycles in ( )AS  and l is odd, so 

.sgnsgn CC ′′−=′  

Set CWW ′+=1  and .2 CWW ′′+=  Thus the pair 21, WW  is a pair 

of SSSD walks from x to y. We see that ( ) ( ) { }21,max2 kklWlWl i ≤+=  

,2
53 −+ l  where .2,1=i  Hence, there exists a pair of SSSD walks from 

x to y of length { } .2
53,max2 21

−+ lkk  

Therefore ( ) { } .2
53,max2 21

−+≤ lkkAl   
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Theorem 4.2. Suppose A is a sign pattern matrix of order n and 
( )AD  is a ( )-;,;,;, 21221111 21 lkkvvvv kk lollipop, where −++= 21 klkn  

( ) liki ,2,12,2 =≥  is odd and ( ).4mod3≡/l  If there exist no positive 2-

cycles in ( ),AS  then ( ) { } .2
53,max2 21

−+= lkkAl  

Proof. It is clear that by Theorem 4.1, 

( ) { } .2
53,max2 21

−+≤ lkkAl  (4.1) 

Without loss of generality, assume that { }.,max 211 kkk =  Then we show 

that there is no pair of SSSD walks of length 12
532 1 −−+= lkr  from 

vertex 11v  to .11v  Let the pair 21, WW  be a pair of SSSD walks of length 

r from 11v  to .11v  Since iW  is the “union” of 2C  and lC  (a cycle of length 

l), .0,0,2 ≥≥+= iiliii baCbCaW  

If ( ),2,12 =≥ ibi  then ( ) ( ) ,22212 lklbkWl iiii +−≥+−≥  which 

contradicts ( ) .12
532 1 −−+= lkWl i  Therefore, 1≤ib  for each { }.2,1∈i  

If ,021 == bb  then .21 aa =  Since there exist no positive 2-cycles in 

( ) ( ) ( ) ( ) .sgnsgn, 121
aWWAS −==  It contradicts that 1W  and 2W  have 

different signs. Therefore, 021 == bb  does not hold. 

If ( )0,1 21 == bb  or ( ),1,0 21 == bb  then ,2 21 aal −=  which 
contradicts that l is odd. 

If ,121 == bb  then ,14
3

4
74

1
1

21 −−+=
−+

== lklkaa  which 

contradicts that 1a  and 2a  are integers for ( ).4mod3≡/l  

Therefore, there is no pair of SSSD walks of length 2
532 1

−+= lkr  

1−  from vertex 11v  to .11v  Thus 

( ) { } .2
53,max22

532 211
−+=−+≥ lkklkAl  (4.2) 
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Combining (4.1) and (4.2), we have 

( ) { } .2
53,max2 21

−+= lkkAl   

Theorem 4.3. Suppose A is a non-powerful sign pattern matrix of 
order n and ( )AD  is a ( )-;,;,;, 21221111 21 lkkvvvv kk lollipop, where =n  

2,,1,2 2121 ≥>−++ kkllkk  and l is odd. If there exist one vertex 

( )CVw ∈  in ( )AS  such that w is contained in a positive 2-cycle C′  and a 

negative 2-cycle ,C ′′  then ( ) { } .1,max2 21 −+≤ lkkAl  

Proof. Note that ( )AD  is strongly connected and contains cycles of 
length 2 and l, where l is odd. Then A is primitive. Let x and y be any two 
(not necessarily distinct) vertices in ( ).AS  

If ( ),, CVyx ∈  then set ( ) ( )ywQwxQW CC →+→=  and ( ) ≤Wl  
{ } ;3,max21 21 −+≤− lkkl  If { }121 ,,,, −∈ iikii vvvyx L  for { },2,1∈i  

then set ( ) ( ) ( ),2 yvQwvQvxQW iii ikikCik →+→+→=  and then 

( ) ( ) { } ;3,max232112 21 −+≤−+=−+−≤ lkklklkWl ii  If { ,1ivx ∈  
}12 ,, −iiki vv L  and { },,,, 121 −∈ jjkjj vvvy L  where { }2,1, ∈ji  and 

,ji ≠  set ( ) ( ) ( ) ( ),yvQvwQwvQvxQ jjii jkjkCikCik →+→+→+→  

and then ( ) ( ) ( ) { ,max23111 12121 klkklkkWl ≤−++=−+−+−≤  
} ;32 −+ lk  Otherwise, only one vertex of yx,  belongs to ( ),CV  and for 
{ },2,1∈i  set 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )





∈→+→+→

∈→+→+→
=

,if

,if

CVyywQwvQvxQ

CVxyvQvwQwxQ
W

CikCik

ikikCC

ii

ii
 

and 

( ) ( ) { } .3,max2211 21 −+≤−+=−+−≤ lkklklkWl ii  

Let CWW ′+=1  and .2 CWW ′′+=  Thus there exists a pair of SSSD 

walks 1W  and 2W  from x to y. Hence, there exists a pair of SSSD walks 
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from x to y of length 2 { } .1,max 21 −+ lkk  Thus ( ) { ,max2 1kAl ≤  

} .12 −+ lk   

Theorem 4.4. Suppose A is a non-powerful sign pattern matrix of 
order n and ( )AD  is a ( )-;,;,;, 21221111 21 lkkvvvv kk lollipop, where =n  

2,3,1,2 2121 ≥≥>−++ kkllkk  and l is odd. If there exist one vertex 
{ }1111 1,, −∈ kvvw L  in ( )AS  such that w is contained in a positive 2-

cycle C′  and a negative 2-cycle ,C ′′  then 

( ) .522 21 −++≤ lkkAl  

Proof. Note that ( )AD  is strongly connected and contains cycles of 
length 2 and l, where l is odd. Then A is primitive. Let x and y be any two 
(not necessarily distinct) vertices in ( ).AS  

If ( ),, CVyx ∈  then set ( ) ( ) CkkC QwvQvxQW +→+→= 11 11 2  

( ),11 yv k →  thus ( ) ( ) ++≤−+=−+−≤ 2111 2252221 kklkklWl  

.7−l  Otherwise, we consider the following cases. 

Case 1. ( )., CVyx ∈/  

Subcase 1.1. { }121 ,,,, −∈ iikii vvvyx L  for { }.2,1∈i  

If ,1=i  then set ( ) ( )ywQwxQW →+→=  and ( ) ( ) =−≤ 22 1kWl  
.72242 211 −++≤− lkkk  Otherwise set ( ) ( 22 22 2 kCk vQvxQW +→=  

) ( ) ( )yvQwvQv kkk →+→+→ 211 211 2  and ( ) .722 12 −++≤ lkkWl  

Subcase 1.2. One vertex of x and y is in { }.,,, 122221 2 −kvvv L  

If { },,,, 111211 1−∈ kvvvy L  then set ( ) ( →+→= 22 22 kCk vQvxQW  

) ( ) ( )ywQwvQv kk →+→+ 11 11  and ( ) ( ) ( ) +−+−+−≤ 22
11 12 klkWl  

( ) .722522
12 21121 −++≤−+−+=− lkkklkk  Otherwise set QW =  

( ) ( ) ( ) ( )yvQvvQvwQwx kkkCk →+→+→+→ 2211 2211  and ( ) ≤Wl  

( ) ( ) ( ) .722522
112

122 2112211 −++≤−+−+=−+−+−+− lkkklkklkk  
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Case 2. Only one vertex of x and y is in ( ).CV  

Subcase 2.1. { }.,,, 121 −∈ iikii vvvx L  

If ,1≠i  then set ( ) ( ) ( →+→+→= 1122 1122 2 kkkCk vQvvQvxQW  

) ( )yvQw vC →+ 11  and ( ) ( ) ( ) ( ) ++=−+−+−≤ 1212 21221 kklkkWl  

.7226 21 −++≤− lkkl  Otherwise set ( ) ( ) +→+→= 11kvwQwxQW  

( )yvQ vC →11  and ( ) ( ) ( ) ≤−+−=−+−+−≤ 422
1

2
122 111 kllkkWl  

.722 21 −++ lkk  

Subcase 2.2. { }.,,, 121 −∈ iikii vvvy L  

If ,1≠i  then set ( ) ( ) ( →+→+→= 111 111 2 kCkkC vQwvQvxQW  

) ( )yvQv kk →+ 22 22  and ( ) ( ) ( ) ( ) 1212 21221 kklkkWl +=−+−+−≤  

.7226 21 −++≤−+ lkkl  Otherwise set ( ) ( →+→= 11 11 kkC vQvxQW  

) ( )ywQw →+  and ( ) ( ) ( ) ≤−+−=−+−+−≤ 422
1

2
122 111 kllkkWl  

.722 21 −++ lkk  

Set CWW ′+=1  and .2 CWW ′′+=  Thus the pair 21, WW  is a pair 

of SSSD walks from vertex x to y. Obviously ( ) 522 21 −++≤ lkkWl i  

where .2,1=i  Hence, there exists a pair of SSSD walks from x to y 

length .522 21 −++ lkk  Therefore, 

( ) .522 21 −++≤ lkkAl   
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